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Abstract. We study the Kondo effect of a single magnetic adatom on the
surface of graphene. The unique linear dispersion relation near the Dirac points
in graphene makes it easier for the magnetic atom to form a local magnetic
moment, which simply means that the Kondo resonance can be observed in a
wider parameter region than in the metallic host. Our study indicates that the
Kondo resonance, whenever the chemical potential is tuned away from the Dirac
points, can indeed occur ranging from the Kondo regime, to the mixed valence,
even to the empty orbital regime defined in the conventional metal host. While
the Kondo resonance appears as a sharp peak in the Kondo regime, it has a peak-
dip structure and/or an anti-resonance in the mixed valence and empty orbital
regimes, which result from the Fano resonance due to the significant background
due to dramatic broadening of the impurity level in graphene. We also study
the scanning tunneling microscopy (STM) spectra of the adatom and they show
obvious particle–hole asymmetry when the chemical potential is tuned by the
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2gate voltages applied to the graphene. Finally, we explore the influence of the
direct tunneling channel between the STM tip and the graphene on the Kondo
resonance and find that the lineshape of the Kondo resonance is unaffected,
which can be attributed to an unusually large asymmetry factor in graphene. Our
study indicates that graphene is an ideal platform to systematically study Kondo
physics and these results are useful to further stimulate relevant experimental
studies on the system.
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1. Introduction
The experimental realization of graphene [1, 2] composed of a monolayer of carbon atoms
trigged a new wave of study of carbon-based materials, including both their fundamental physics
and their applications [3–5]. The graphene possesses perfect two-dimensional massless Dirac
fermion behaviors, and the valence and conduction bands touch at two inequivalent Dirac
points K− and K+ at the corner of the Brillouin zone. Around the Dirac points the low-energy
excitations are linear and the unique electronic structure leads to a number of unusual electronic
correlation and transport properties of graphene [3–12].
For example, the localized magnetic moment on an adatom with inner shell electrons in
graphene behaves quite differently to that in metals, a conventional Fermi liquid with a constant
density of states near the Fermi surface. Anderson showed that in such a host the strongly
interacting impurity ion can be in a magnetic state if the on-site interaction U is sufficiently
large and/or the hybridization V between the impurity ion and the conduction electrons is
sufficiently small [13, 14]. Explicitly, it is required that the energy of the single occupancy states
εd is below the Fermi level µ but the energy of the double occupancy states, namely, εd + U ,
should be larger than µ. Moreover, the magnetic regime was found to be symmetric around
y = (µ− εd)/U = 0.5. For details one can refer to the phase diagram given by the well-known
Anderson [13]. In contrast, when the host is graphene, the situation is dramatically different due
to the linear density of states near the Dirac points [15–17]. Firstly, the magnetic phase diagram
is not symmetric, it depends on the impurity level εd being above or below the Dirac points. The
second and also most important difference is that the phase boundary is not symmetric around
y = 0.5 in both cases. When εd is above the Dirac points, the magnetic state extends to y < 0,
which means that even the impurity level is located above the Fermi energy, and it is possible
that the localized magnetic moment exists. This is quite different to that in a usual metallic host.
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3Figure 1. Schematic diagram of the STM measurement of a magnetic adatom
absorbed on the top of a carbon atom site.
In the other case, in which εd is below the Dirac points, the phase boundary extends to y > 1,
which means that even the impurity is in the double occupancy state, and it can be magnetized.
It was realized that all these unusual features are due to the linear dispersion of the graphene
around the Dirac points, and the impurity level is broadened dramatically by hybridization to
cross the Fermi level [15].
A direct consequence of the much wider magnetic regime is that the Kondo effect in
graphene [18] may exist in a wider parameter regime than that in the usual metallic host, in
which the Kondo effect only exists in the Kondo regime, namely, d/0−0.5 [19], where 0
is the effective tunneling coupling between the impurity and conduction electrons. Moreover, it
is also interesting to explore what effect the dramatic broadening of the impurity level has on
the Kondo physics. This motivates us to study the Kondo effect of an adatom on the surface of
a graphene sheet in a systematic way.
In this work the system we are interested in consists of the adatom, the graphene and the
tip on the top of the adatom, as shown in figure 1. As the first step, we explore the intrinsic
equilibrium Kondo effect of the adatom as the conduction sea of electrons is limited to the
graphene. The Kondo physics of the adatom generally depends on its explicit positions on the
surface of the graphene, which show rich electronic structures [11, 20–22]. When the adatom
is absorbed on the top of carbon atom, the situation is quite simple since the orbital degrees
of freedom are not involved in this case. However, when the adatom is located at the center
of the honeycomb, a high symmetry position, the adatom hybridizes with the carbon atoms
in both sublattices [11, 20, 22–25], thus the orbital degrees of freedom are involved which
complicates the Kondo physics. The magnetic impurity substitution of the carbon atom [26, 27]
or an adatom positioned on top of non-hexagonal rings [28] also proposes many interesting
physical properties. However, our interest here is to discuss the essential difference in Kondo
physics between the metallic bath with a constant density of states and the Dirac electron bath
with linear low-energy dispersion. In order to clarify this issue, the first simple case is enough
and we will leave the complicated cases for future study.
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coupling strength must be satisfied for developing the Kondo effect [10, 18, 29–32], as also
obtained by using the numerical renormalization group calculations in the gapless Kondo and/or
Anderson models [33–35]. Once the Fermi energy is tuned to be away from the Dirac points,
whether it is below or above the Dirac points, the Kondo resonance is found to exist in a wide
parameter regime ranging from the Kondo regime to the mixed valence regime, and even to the
empty orbital regime5. This is consistent with our intuition since the localized magnetic moment
exists in a very wide parameter regime. When the system is in the Kondo regime, the Kondo
resonance manifests as a sharp peak. This peak appears weaker and weaker when the impurity
level becomes deeper and deeper. This is understandable since the broadening of the impurity
level becomes weak due to the low density of states of the graphene near the Dirac points. When
the system is in the mixed valence or empty orbital regimes, the Kondo resonance develops.
However, it does not show a sharp peak but a peak-dip structure, even an anti-resonance, which
is a typical Fano resonance behavior [36, 37].
In the next step, we consider a normal tip on the top of the adatom and the aim is to
study the scanning tunneling microscopy (STM) spectra of the Kondo resonance of the adatom
in graphene. We first turn off the direct tunneling between the tip and the graphene. The
Kondo resonance shows asymmetric behavior that depends on the position of the Fermi energy,
namely, it is above or below the Dirac points. Moreover, the Kondo temperature strongly but
asymmetrically depends on the explicit position of the Fermi energy which is in agreement with
reports in the literature [30, 31, 38]. Subsequently, we turn on the direct tunneling between the
tip and the graphene to study its influence on the lineshape of the Kondo resonance, which is
also a more realistic case. It is somehow surprising that the lineshape is almost unaffected by
the additional direct channel. This result in fact originates from the unusually large asymmetry
factor in graphene.
The paper is organized as follows. In section 2 we take the single-impurity Anderson
model to describe the adatom on the surface of the graphene and derive the transport formula
by Keldysh non-equilibrium Green’s function theory. In section 3 we solve numerically the
equations obtained, in a self-consistent way, and discuss explicitly the Kondo effect in various
situations including the cases of (i) the adatom plus the graphene, (ii) the adatom plus the
graphene plus the tip and (iii) the STM spectra with the direct channel between the tip and
the graphene. Finally, section 4 is devoted to a brief summary.
2. Model and formalism
The Hamiltonian of a magnetic adatom on graphene with an STM tip consists of the following
terms:
H = Hd + Hg + Hdg + Ht + Hdt + Htg, (1)
where
Hd =
∑
σ
εdd†σdσ + U d†σdσd
†
σ¯dσ¯ (2)
5 To compare conventionally with the results in the metal host, these regimes are defined as in the metal host
[14]. However, in the graphene both the impurity level and the linewidth are renormalized and one can classify the
parameter regimes according to the Wilson’s renormalization group.
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d†σ (dσ ) is a creation (annihilation) operator of localized electrons on a magnetic adatom with
spin σ (=↑,↓) and σ¯ =−σ . The second term in equation (1) is the tight-banding Hamiltonian
describing graphene, which can be written in momentum space as
Hg =−t
∑
kσ
(ηka
†
kσbkσ + H.c.), (3)
a
†
kσ (akσ ) and b
†
kσ (bkσ ) are creation (annihilation) operators of electrons in sublattices A and B,
respectively. t is the hopping energy between the nearest-neighbor carbon atoms, ηk =
∑3
i=1 e
iEk·Eri
with Er1 = aEx , Er2 =−a2 Ex +
√
3a
2 Ey, Er3 =−a2 Ex −
√
3a
2 Ey and a ≈ 1.42 Å is the carbon–carbon
spacing [4]. The low-energy transport properties of graphene are mostly determined by the
nature of the spectrum around the Dirac points K± at the corners of the Brillouin zone, where
the dispersion is εk ≈±υF|k|, the sign + (−) corresponds to the conduction (valence) band,
and υF = 3ta/2 (≈106 m s−1) is the Fermi velocity of Dirac electrons. The tip Hamiltonian is
described by a normal metal
Ht =
∑
kσ
ξkt
†
kσ tkσ , (4)
where t†kσ (tkσ ) represents the creation (annihilation) of an electron with energy ξk on the tip.
The Hamiltonians
Hdg =
∑
kσ
(Vkaσa†kσ + Vkbσb
†
kσ )dσ + H.c. (5)
and
Hdt =
∑
kσ
(Vktσ t†kσdσ + H.c.) (6)
represent electrons tunneling from a magnetic adatom to graphene and to an STM tip,
respectively. Vkaσ (Vkbσ ) is the electron tunneling amplitude between the magnetic adatom and
sublattice A (B), and Vktσ is the tunneling amplitude between the magnetic adatom and the
STM tip. If the adatom is adsorbed above the carbon atom in sublattice A, thus Vkaσ = Vkgσ and
Vkbσ = 0 or in sublattice B, thus Vkaσ = 0 and Vkbσ = Vkgσ . The direct tunneling Hamiltonian
between graphene and the STM tip is described by
Htg =
∑
kk′σ
Ttg(t†kσbk′σ + t
†
kσak′σ )+ H.c., (7)
where Ttg is the hopping amplitude between the STM tip and the graphene sheet.
In the steady state, the current from the STM tip to the graphene sheet can be calculated by
the time-dependent occupancy number
I = − e
2
(〈 ˙N t〉− 〈 ˙N g〉)=− ie2h¯
〈[
H,
(
Nt − Ng
)]〉
= − e
h¯
Re
∑
kσ
(
V ∗kgσG<σ,gkσ (t, t ′)− V ∗ktσG<σ,tkσ (t, t ′)
)
− 2e
h¯
Re
∑
kk′σ
T ∗tgG<tkσ,gk′σ (t, t ′), (8)
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∑
kσ t
†
kσ tkσ and Ng =
∑
kσ c
†
kσckσ . Here we use c
†
kσ (ckσ ) to denote the electron
creation (annihilation) operator in the graphene sheet. The current is related to the lesser
Green’s functions defined as G<σ,tkσ (t, t ′)= i〈t†kσ (t ′)dσ (t)〉, G<σ,gkσ (t, t ′)= i〈c†kσ (t ′)dσ (t)〉 and
G<tkσ,gk′σ (t, t ′)= i〈c†k′σ (t ′)tkσ (t)〉. These Green’s functions can be calculated by the equations
of motion (EOM) approach based on non-equilibrium Green’s functions theory. For detail one
can refer to [39].
To simplify, we assume that the tunneling amplitudes Vkgσ = Vg and Vktσ = Vt are
independent on energy and spin. After some straightforward derivations, one can obtain the
current formula
I = ie
h
∑
σ
∫
{(Grσ (ε)−Gaσ (ε))[0t(ε) ft(ε)−0g(ε) fg(ε)] + (0t(ε)−0g(ε))G<σ (ε)}dε
+
2e
h
∫
( ft(ε)− fg(ε))
[
5(ε)−8(ε)
∑
σ
Im (Grσ (ε))
]
dε, (9)
where G<,r,aσ (ε) is the Fourier transformation of the time-order Green’s function G<,r,aσ (t, t ′)
defined by G<σ (t, t ′)= i〈d†σ (t ′)dσ (t)〉, Gr(a)σ (t, t ′)=∓iθ(±t ∓ t ′)〈{dσ (t), d†σ (t ′)}〉. 0g(ε)=
pi |Vg|2ρg (ε) and 0t (ε)= pi |Vt|2ρt (ε) are the couplings between the magnetic adatom and the
graphene, and between the magnetic adatom and the tip, respectively. 5(ε)= pi |Ttg|2ρt(ε)ρg(ε)
corresponds to hopping from the tip to graphene and vice versa. 8(ε)=√pi5 (ε) 0g (ε) 0t (ε)
is related to the interference between the different tunneling channels. ρg (ε) and ρt (ε) are
the density of states of graphene and the STM tip, respectively. The density of states for the
tip is simplified with a constant ρt (ε)= 1/2D, and the density of states for graphene can be
evaluated with ρg (ε)=2(D − |ε|)|ε|/D2 [25]. Here D is the half-width of the conduction
band and 2(x) is the Heaviside step function. For convenience, we take 0g(e)= 00|e|/D where
00 = p|Vg|2/D. fg (ε) and ft (ε) are the Fermi distribution functions of graphene and the STM
tip. The non-equilibrium Kondo effect can be obtained by differential conductance near the
Fermi level. Thus, our final task, to calculate the current, is to solve the Green’s functions
involved.
Equations for the retarded Green’s functions and the lesser Green’s functions can be derived
by the Schwinger–Keldysh perturbation formalism [40–43] and are given by, respectively,
Grσ (ε)= grd(ε)
(
1 + 〈〈[dσ , HI ]; d†σ 〉〉rε
)
, (10)
G<σ (ε)= g<d (ε)
(
1 + 〈〈[dσ , HI ]; d†σ 〉〉aε
)
+ grd(ε)〈〈[dσ , HI ]; d†σ 〉〉<ε , (11)
where grd(ε)= 1/ (ε− εd + i0+) and g<d (ε)= ipi f (ε)δ(ε− εd) are the non-interacting retarded
and lesser Green’s functions for the isolated magnetic adatom. In the above expressions the
HI =Ud†σdσd†σ¯dσ¯ + Hdg + Hdt includes the on-site Coulomb repulsion term on the adatom and
the tunneling terms. While the first term will introduce higher-order Green’s functions contained
into 〈〈[dσ , HI ]; d†σ 〉〉r(a,<)ε by using Zubarev notations [44], the remaining two terms only lead
to the hybridization effect. Furthermore, the derivation of the EOM of the higher-order Green’s
function will also introduce more higher-order Green’s functions, which have to be truncated in
order to close the hierarchy of the EOM of the successive Green’s functions. Here we truncate
this hierarchy of EOM by using Lacroix’s scheme [45], which is shown to be enough to capture
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7the Kondo resonance, even at zero temperature [45, 46]. Since the derivation is standard we do
not go into the detail but directly write down the Green’s functions in the infinite-U limit as
follows:
Grσ (ε)=
1−〈nσ¯ 〉− Aσ¯ (ε)
ε− εd −6(ε) (1− Aσ¯ (ε))− Bσ¯ (ε) (12)
and
G<σ (ε)= Grσ (ε)
(
6<(ε)+6<I (ε)
)
Gaσ (ε). (13)
Here the self-energy 6 (ε)= −i0(ε)−
ε0g(ε)
pi |ε| ln(D
2/ε2−1)−8(ε)−(8(ε))∗
1+pi5(ε) , 0 (ε)= 0g (ε)+0t (ε) , the
lesser self-energy 6< (ε)= i41(ε)+(ε)1+pi5(ε) and 6<I (ε)=
B<σ¯ (ε)−A<σ¯ (ε)(Gaσ (ε)−1+6(ε))
1−〈nσ¯ 〉−Aσ¯ (ε) , the average of
occupation 〈nσ¯ 〉 = − 1pi
∫
41(ε)
0(ε)
Im (Grσ¯ (ε)) dε and
Aσ¯ (ε)= 1
pi
∫
g (ε, ε′) (41 (ε′)+ i(ε′)) (Grσ¯ (ε′))∗
1 +pi5 (ε′)
dε′, (14)
Bσ¯ (ε)= 1
pi
∫
g(ε, ε′)41(ε′)dε′
+
i
pi
∫
g(ε, ε′)(42(ε′)+43(ε′))(Grσ¯ (ε′))∗ dε′
+
1
pi
∫
g(ε, ε′)41(ε′)8(ε′)(Grσ¯ (ε′))∗
1 +pi5(ε′)
dε′, (15)
A<σ¯ (ε)=
i41(ε)Re (Grσ¯ (ε))+ i(ε)Im(Grσ¯ (ε))
1 +pi5(ε)
, (16)
B<σ¯ (ε)= i41(ε)+ i(42(ε)+43(ε))Im (Grσ¯ (ε))
− i41(ε)8(ε)Im (G
r
σ¯ (ε))
1 +pi5(ε)
, (17)
where g(ε, ε′)= 1/(ε− ε′ + i0+), (ε)=8(ε) fg(ε)+ (8(ε))∗ ft(ε), 41(ε)= fg(ε)0g(ε)+
ft(ε)0t(ε), 42(ε)= fg(ε)0g(ε)0g(ε)+ ft(ε)0t(ε)0t(ε), 43(ε)= 0g(ε)0t(ε)( fgt(ε)+ ftg(ε))
with fgt(ε)= fg(ε)(1− ft(ε)). At the hand of the above expressions, we can calculate nu-
merically the Green’s function Grσ (ε)—and Gaσ (ε)= (Grσ (ε))∗ in a self-consistent way—and
further the lesser Green’s function G<σ (ε). Finally, we obtain the current I by equation (9).
3. Numerical results and discussions
In the following numerical calculation, several input parameters are tuned in order to study the
system in different physical situations. The atomic level d is changed to study the different
regimes ranging from the Kondo regime to the mixed valence regime, even to the empty orbital
regime [19]. The chemical potential µ of graphene can be tuned by a gate-voltage, which
makes the Fermi level located at (µ= 0), above (µ > 0) or below (µ < 0) the Dirac points.
The different chemical potentials will lead to quite different physics, as shown below. The
voltage bias Vsd is also applied between the STM tip and the graphene sheet to calculate the
New Journal of Physics 15 (2013) 053018 (http://www.njp.org/)
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In a systematic way, we first calculate the Kondo effect of the adatom plus the graphene when
the STM tip is absent. The aim is to explore the influence of the linear dispersion around the
Dirac points on the Kondo effect and compare it with the adatom on a normal metal surface.
Subsequently, we consider the influence of the STM tip and explore the Kondo resonance when
both the normal metal and the graphene are coupled to the adatom. Finally, we turn on the direct
channel between the STM tip and the graphene and check its effect on tunneling spectroscopy,
which is more closely related to experiment.
3.1. Kondo effect of the adatom without the scanning tunneling microscopy (STM) tip
In order to explore the effect of the linear dispersion around the Dirac points, we first study the
system composed of the magnetic adatom plus the graphene and neglect the STM tip. As pointed
out by Uchoa et al [15], it is easier for the magnetic impurity to form a local moment on the
surface of the graphene than in the normal metal host. This conclusion has a direct consequence:
that one can observe the Kondo resonance in a wider parameter region for the former than
the latter. This is really true as shown in figures 2 and 3 where we show the local density of
states of the adatom given by ρd(ε)=− 1pi Im Grσ (ε). In figure 2 we consider µ= 0.500, namely,
the Fermi level is above the Dirac points. We change the atomic level from the empty orbital
regime, as shown in figure 2(a) to the Kondo regime (see figure 2(f)). Around the Fermi level
the local density of states show special features, i.e. Kondo resonance, although their shapes are
quite different. In the Kondo regimes, the Kondo resonance appears as a sharp peak around the
Fermi level, but one should notice that with increasing atom level the peak becomes gradually
asymmetric, which is quite obvious in figure 2(d) for εd = 0. Continuing to change the atomic
level to εd = 0.500, the Kondo resonance has a typical dip structure. Finally, as we move the
atomic level to the empty orbital regimes, the Kondo effect manifests continuously as a dip
structure, which becomes weaker and weaker with increasing atomic level, as clearly seen
from the inset of figures 2(a) and (b). The dip structure originates from the Fano resonance,
as explained briefly below.
In the absence of the STM tip, namely, 0t(ε)≡ 0, equation (12) is rewritten approximately
as near the Fermi level
Gσ (ε)≈ 1−〈nσ¯ 〉
ε− εd + i0g(ε)− Bσ¯ (ε). (18)
Here for simplicity we neglect Aσ¯ since Bσ¯ already captures the essential physics of Kondo
resonance [45]. In addition, the real part of the self-energy 6(ε) is also omitted. Equation (18)
can be further rewritten approximately as
G(ε)≈ G0(ε)+ G0(ε) T (ε)G0(ε), (19)
where G0(ε)= 1−n/2
ε−εd+i0g(ε) and T (ε)=
B(ε)
1−n/2 . Here for simplicity the spin index is dropped and
n = 〈n↑〉+ 〈n↓〉. From equation (19), the impurity density of states reads
ρ(ε)= ρ0(ε)−piρ20(ε)[(q2d − 1)Im T (ε)− 2qdRe T (ε)], (20)
where qd =−Re G0(ε)/Im G0(ε) and ρ0(ε)=−Im G0(ε)/pi . Generally, T (ε) is a complicated
function of ε but the Kondo resonance (if it exists) is a unique feature of T (ε) near the Fermi
New Journal of Physics 15 (2013) 053018 (http://www.njp.org/)
9Figure 2. The Kondo resonance in the density of states of the magnetic adatom
on graphene with different atomic levels ranging from the empty orbital regime
to the Kondo regime. From (a) to (f) the atomic level is d = 2.500, 1.500, 0.500,
0,−0.500,−1.500. The inset in each panel is an enlarged view around the Kondo
resonance. The chemical potential is µ= 0.500, the temperature T = 0.0000500
and the half-bandwidth D = 500. The left inset in (e) shows the temperature
dependence of the Kondo resonance.
level in the Anderson impurity system. Thus T (ε) is given approximately by
T (ε)≈ 0K
piρ0(ε)
1
ε− εK + i0K , (21)
where εK is the position of the Kondo resonance and 0K is its width. Inserting (21) into (20) and
defining ε˜ = (ε− εK)/0K, one obtains
ρ(ε)≈ ρ0(εK)(ε˜ + qd)
2
ε˜2 + 1
, (22)
which is a standard form of the Fano resonance [36, 37].
The lineshape of the Kondo resonance is determined by qd. In the Kondo regime
(|εd − εF|  0g(εF), thus |qd|  1) the broadening of the impurity level is quite weak around
New Journal of Physics 15 (2013) 053018 (http://www.njp.org/)
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Figure 3. The same as figure 2 but for µ=−0.500. From (a) to (f) the atomic
level is εd = 1.500, 0.500, 0, −0.500, −1.500, −2.500.
εF so the Kondo resonance shows as a symmetric peak. When the system approaches the mixed
valence regime (|εd − εF|. 0g(εF), thus |qd|. 1), the broadening of the impurity level becomes
more and more sizeable and as a result, the Kondo peak distorts gradually due to interference,
and finally it becomes a dip structure, as shown in figures 2(a) and (b), where the system is
already in the empty orbital regime in the sense of the metallic host. That is to say, the Kondo
effect can exist in a wider parameter region in the graphene host than that in the metallic host.
The essential reason for this is that the impurity level is broadened extensively due to the linear
density of states of the graphene around the Dirac points. Therefore, the adatom on the surface
of the graphene provides an ideal platform to study the Kondo effect in various parameter
spaces. The temperature behavior of the peak around the Fermi level shown in the left inset
in figure 2(e) confirms that the peak observed is Kondo resonance since it becomes gradually
broader with increasing temperature and disappears completely when the temperature is greater
than the Kondo temperature TK [38]. The same physics has been observed when the Fermi level
is below the Dirac points, as shown in figures 3(a)–(f).
To confirm the above observation, we compare the local density of states around the
Fermi level for the adatom on graphene and on a metal surface in the empty orbital regime, as
New Journal of Physics 15 (2013) 053018 (http://www.njp.org/)
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Figure 4. Comparison between the density of states around the Fermi level in the
empty orbital regime for the metallic (red dashed lines) and the graphene (solid
lines) hosts. (a) µ= 0.500, εd = 2.500, and (b) µ=−0.500, εd = 1.500.
shown in figure 4. For a metal host, one cannot observe any feature, which is in contrast to the
graphene, where an obvious dip exists. The result that the chemical potential is above or below
the Dirac points is true in both cases.
As mentioned above, the results presented are obtained by the EOM up to the Lacroix’s
approximation level [45]. For the single impurity Anderson model the impurity density of
states in the Kondo, mixed-valence and even the empty orbital regimes have been calculated
by using the EOM, which are qualitatively consistent with those obtained by the numerical
renormalization group [37]. To further confirm the validity of this method in the case of a
graphene host, we calculate the impurity occupation as a function of the impurity energy level,
as shown in figure 5 for three different chemical potentials. It is noticed that the occupation
increases more rapidly for µ > 0 than for µ < 0. This observation is qualitatively consistent
with that obtained by the numerical renormalization group for a similar model but with finite
U [16].
3.2. Kondo effect of the adatom with the STM tip
When the STM tip is considered, the adatom couples with two baths. One is the STM tip which
is a normal metal with a constant density of states, as studied in conventional Kondo physics.
One can also model the STM tip by a semi-infinite chain of atoms, but the essential physics
does not change. The other is the graphene which has a linear density of states around the Dirac
points. We first study the non-equilibrium Kondo effect in this case. Thus, we neglect the direct
channel between the STM tip and the graphene. In the calculations, the coupling between the
adatom and tip is taken with 0t = 0.100. Figure 6 shows the differential conductance around
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Figure 5. The impurity occupation as a function of the impurity level for three
different chemical potentials µ= 0.500 (solid line), 0 (dashed line) and 0.500
(dotted line).
the zero bias. When the chemical potential µ is tuned to meet the Dirac points, the curve at
the zero bias does not show any Kondo peak, which is a consequence of the zero density of
states at the Dirac points. This is consistent with that reported in the literature [18, 29–32].
In this case, a critical coupling between the adatom and the conduction electron is required.
When the chemical potential µ is tuned to be away from the Dirac points, either above or below
the Dirac points, the zero-bias resonance peak occurs, which shows the Kondo effect [30, 31].
When the chemical potential is below the Dirac points, the larger |µ| is, the wider the peak is.
This is easy to understand since a larger µ means a larger density of states at the side of the
graphene. When µ is above the Dirac points, the width of the Kondo resonance remains almost
unchanged (see figure 6(c)), which can also be obtained from the chemical-potential dependent
Kondo temperature [38]. However, when µ is below the Dirac points, the Kondo temperature TK
shows obvious dependence on µ. As a result, the Kondo temperature is obviously asymmetric,
which is also consistent with that reported in the literature [30, 38]. This is due to the fact of the
particle–hole asymmetry in graphene. In addition, one also notes that in both cases the curves
show a kink when the bias scans through the Dirac points.
3.3. Scanning tunneling spectroscopy with direct channel
In this section we discuss the scanning tunneling spectroscopy of the adatom on the surface of
graphene by switching on the direct tunneling channel between the STM tip and the graphene, a
more realistic case in experiments. Due to the additional direct channel, one may expect that the
STM spectroscopy should be changed dramatically, led by the interference between the direct
and the indirect channels, as usually observed in a system with the adatom on the surface of
the normal metals [47]. However, the result is somewhat surprising, as shown in figure 7. In
comparison with the spectroscopy without the direct channel, except for the amplitudes, the
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Figure 6. The Kondo resonance around the zero bias varies with the chemical
potential (a) µ < 0 and (b) µ > 0. (c) The Kondo temperature Tk versus the
chemical potentialµ. The other parameters used are d =−00 where 0t = 0.100,
Ttg = 0 and D = 500. Panel (d) shows schematically the cotunneling processes
with the chemical potentials µ < 0 and µ > 0, respectively.
shape almost remains unchanged for both µ > 0 and µ < 0. To check the underlying physics
of this result, let us recall the Fano resonance theory [36]. In the STM case, due to the adatom
scattering and its interference with the direction channel, the differential conductance of the
conduction electron can be written as [37]
dI
dV
∝ (q2 − 1)Im G(ε)− 2qRe G(ε), (23)
where G(ε) denotes the adatom Green’s function and q ≈−Re g(ε)/Im g(ε) is the Fano asym-
metry factor. Here g(ε) is the graphene Green’s function with Re g(ε)= (ε/D2) ln|ε2/(D2 −
ε2)| and Im g(ε)=−pi |ε|/D22(D − |ε|). Thus the q factor is 2 sgn(µ)/pi ln |µ|/D near the
Fermi level [25]. For graphene, D ∼ 6 eV [48] and if |µ| is maximally in the order of 0.1 eV,
so |q|& 6. That means that the first term in equation (23) dominates the second term, and as a
result, dI/dV has almost the same profile as Im G(ε), the local density of states of the adatom.
This is the reason that the shape of the Kondo resonance around the zero bias is almost the same
whether the direct channel is switched on or off. This picture also explains the result obtained
by Cornaglia et al [16] that the STM spectrum is almost the same irrespective of whether the
matrix element for the tunneling of an electron from the tip to the conduction band is present or
absent. Experimentally, one can test the prediction by manipulating a transition metal atom like
Co on top of graphene using the STM tip and measuring its local spectral signatures, which is
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Figure 7. The Kondo resonance around the zero bias with and without the direct
tunneling Ttg channel for two cases (a) µ=−0.200 and (b) µ= 0.200. We take
εd =−00 and Ttg = 0, 0.100. The other parameters used are the same as figure 6.
feasible in the present experimental setup [49], as has been carried out on a conventional metal
surface [47].
4. Summary
In summary, we systematically study the Kondo effect of a magnetic adatom on the surface
of graphene and its STM spectra. The main conclusion is that the Kondo resonance can exist
in a wide parameter region ranging from the Kondo regime to the mixed valence regime, and
even to the empty orbital regime. In the mixed valence or the empty orbital regimes the Kondo
resonance shows a special lineshape due to the Fano resonance, since in these regimes the
broadening of the impurity level provides a significant background. The STM spectra have a
particle–hole asymmetry when the chemical potential in graphene is tuned by the gate voltages.
Furthermore, it is found that the direct tunneling channel between the STM tip and graphene
has no obvious effect on the lineshape of the Kondo resonance around the zero bias, which is
a consequence of the unusually large asymmetry factor in the graphene host. The rich behavior
of the Kondo resonance obtained indicate that the graphene is an ideal platform to study Kondo
physics and these results are useful to further stimulate relevant experimental work in this
system.
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